§1. Introduction
Let M n be a minimal hypersurface in R n+1 . M is said to be stable if
where |A| is the norm of the second fundamental form of M . For some number 0 < δ ≤ 1, it is defined that M is δ-stable if
Obviously, given δ 1 > δ 2 , δ 1 -stable implies δ 2 -stable. So, that M is stable implies that M is δ-stable. In [20] , using harmonic map techniques, Schoen and Yau studied the fundamental group of a manifold of nonnegative Ricci curvature and of a stable minimal hypersurface immersed into nonpositively curved ambient space. Pigola, Rigoli, and Setti ( [18] , [19] ) proved a Liouville-type theorem for harmonic maps on complete manifolds with weighted Poincaré inequality which generalizes, in some respects, classical work due to Schoen and Yau [20] .
On the other hand, Cheng and Zhou [5] proved that if M is an ((n − 2)/n)-stable complete minimal hypersurface in R n+1 and has bounded norm of the second fundamental form, then M must either have only one end or be a catenoid. This result for minimal hypersurfaces relies on the study of complete manifolds with weighted Poincaré inequality which is of independent interest. In [17] , Li and Wang studied complete manifolds with satisfying property (P ρ ) and obtained many theorems on rigidity. Cheng and Zhou [5] generalized one result of [17] . Li and the first author in [10] recently refined the main results due to Cheng and Zhou [5] .
In this paper, we study an n-dimensional complete noncompact Riemannian manifold with weighted Poincaré inequality. As applications, we study complete noncompact submanifolds. To state some results, we recall some notation and definitions.
Let M be an n-dimensional complete oriented submanifold isometrically immersed in an (n + p)-dimensional Riemannian manifold N n+p . Fix a point x ∈ M , and choose a local orthonormal frame {e 1 , e 2 , . . . , e n+p } such that {e 1 , e 2 , . . . , e n } are tangent fields. For each α, n
where X, Y are tangent fields and where ∇ denotes the Riemannian connection on N n+p . We denote by H the mean curvature vector of M :
and a bilinear map φ : It is easy to see that the tensor φ is traceless. Denote by A the second fundamental form of M . We have
For N n+p , we say that the (n − 1)th Ricci curvature of N satisfies Ric (n−1) (N ) ≥ c if, for all points x ∈ N and for all n-dimensional subspaces V ⊂ T x (N ), the curvature tensor R satisfies
where {e 1 , . . . , e n } is an orthonormal basis for V . Then
Let M be a complete Riemannian manifold, and let q : M → R be a differentiable function. Consider the elliptic operator L = Δ + q associated to the quadratic form
Here Δ is the Laplacian, and ∇ϕ is the gradient of ϕ. The index of L is defined to be the supremum, over compact domains of M , of the number of negative eigenvalues of L with Dirichlet boundary condition. If M is an n-dimensional constant mean curvature hypersurface in N n+1 of constant curvature c and if q = nc + |A| 2 , then to say that M is strongly stable is equivalent to saying that the index of L is zero.
Now we can mention our results as follows. 
where τ (x) satisfies Poincaré inequality
where the constant δ is more than (n − 2), then any harmonic map f : M → W is constant, provided that its energy density satisfies
Remark 1.2. The statement of Theorem 1.1 still holds when τ (x) satisfies Poincaré inequality
for some > 0. 
where the constant δ is more than
Remark 1.4. The statement of Theorem 1.3 still holds when τ (x) satisfies Poincaré inequality
for some > 0. Theorem 1.3 is rewritten as follows. 
if one of the following cases occurs:
where the constant δ is more than (n − 2), then any harmonic map from M to a manifold with nonpositive curvature is constant, provided that its energy density satisfies
and M has at most one nonparabolic end. 
Combining with (4), by the Bochner-type formula for harmonic maps between Riemannian manifolds (see [7] ) and the nonpositivity of the sectional curvature of W , we have By using (5) and (2), we compute
where α is a positive constant. Let q ≥ 0, and let φ ∈ C ∞ 0 (M ). Multiplying (6) by |df | 2qα φ 2 and integrating over M , we obtain
which gives
Using the Cauchy-Schwarz inequality, we can rewrite (7) as
On the other hand, replacing ϕ by |df | (1+q)α φ in inequality (3), we have
If 2(q + 1) − (n − 2)/((n − 1)α) − > 0, then by introducing (10) to (8), we obtain
where
Then we can choose > 0 sufficiently small so that 2(q + 1) − (n − 2)/ ((n − 1)α) − > 0 and B > 0. It follows from (11) that the following inequality holds:
where C is a constant that depends on δ, α, , and q. 
Let R → +∞, by assumption that B(R) |df | 2β = o(R). From (13) we conclude that ∇|df | α = 0 and that |df | is constant. Thus, if |df | = 0, from (6) we get τ (x) ≥ 0. It follows by substituting the above |df | into (9) that
So we conclude by letting R → +∞ that τ (x) ≡ 0. Thus, by (2) 
Proof of Theorem 1.3. For each
, we have the following well-known Bochner formula:
On the other hand, we have
From (14), (15) , and the generalized version of Kato's inequality n/ (n − 1)|∇|ω|| 2 ≤ |∇ω| 2 (see [16] ), we obtain
Combining with (2), we have
Using the same argument as Theorem 1.1, one can conclude that 
Then (1) if ν = 1, then E must either have finite volume or be nonparabolic; (2) if ν > 1, then E must be nonparabolic.
where δ is more than (n − 2), then any harmonic map from M to a manifold with nonpositive curvature is constant, provided that its energy density sat-
and M has at most one nonparabolic end.
Proof. Shiohama and Xu [23] proved that the following estimate holds for Ricci curvature of a submanifold M in a Riemannian manifold N n+p with Ric (n−1) (N ) ≥ (n − 1)c:
Applying the above inequality to the traceless second fundamental form |φ| and using the identity |A| 2 = |φ| 2 + n|H| 2 , we get
Let us choose τ = |φ| 2 /n + ((n − 2)|φ||H|)/ n(n − 1) − c − |H| 2 in Theorem 1.1; thus, Ric M (x) ≥ −(n − 1)τ (x).
On the other hand, Remark 3.13. Based on Theorems 1.1 and 1.3, by using the same arguments as before, we can improve the main results of [6] , [24] , and [25] .
